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@ INTRODUCTION

Differential Calculus is based on the concept of the derivative. The original motivation
for the derivative was the problem of defining tangent lines to the graphs of functions
and calculating the slope of such lines. Integral Calculus is motivated by the problem of
defining and calculating the area of the region bounded by the graph of the functions.
The development of integral calculus arises out of the efforts of solving the problems
of the following type

a) The problem of finding a function whenever its derivative is given

b) The problem of finding the area bounded by the graph of a function under certain
conditions.



(©

» Integration is the inverse process of differentiation. Instead of differentiating a
function, we are given the derivatives of a function and asked to find its primitive
i.e., the original function. Such a process is called integration or anti-differentiation.

» For example (sinx)’ = cosx . This implies, anti derivative of cosx = sinx.

3 3\’
> Antiderivative of x4 = X? as ( X?) = X2,

3 3 !
But antiderivative of x% can be X? + 5 as ( X? + 5) = x2,

3 3 !
But antiderivative of x“can be X? + 2 as ( X? + 2) = x2,

> So antiderivative of x? is not a unique function . It can be any member of family of

. X3 X3 ' 2
function ?+Cas ?+C =5'GH



) oo

Theorem: If f; & f, are two antiderivatives of a function f(x) on [a,b] , then difference
between them is constant.

Proof: Let f; & f, are two antiderivatives of a function f(x).
So f; (x) =f,(x) = f(x).
fi(x) —f,(x) =0.
(f;-f2)'(x) = 0.
This implies f;(x) - f, (x) = Constant



Indefinite Integral

> If @(x) is antiderivative of f(x) then ¢(x) + C is the indefinite integration of f(x)
and is denoted by

[ f(x) dx = @(x) + C, Here Cis called constant of integration.
f(x) is called integrand while @(x)is called anti-derivative or

primitive of f(x) with respect to x.

> Sign of integration is represented by " [ ".



@ )J) Geometrical Interpretation of indefinite Integration

ff(x)dx geometrically denotes family of curves all satisfying some common property
such that the slope of tangent drawn to these curves at some x = X is same..



@ )) Geometrical Interpretation of indefinite Integration

i

y:
y=x-1
\ 4 \ X—2
ONN P 7
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n+1

1
f; dx = In|x| + C

Xdx = 2
Ja¥dx= —+C
[eXdx = eX+C
[ sinx dx = — cosx + C
[ cosx dx = sinx + C

[ sec’x dx = tanx + C



| cosecx cotx dx = —cosecx + C
[ secx tanx dx = secx + C

[ cosec?x dx = —cotx + C

f\/%dx= sin~!x + C

dx = sec™1x+C

[ |
|x|Vx2—1
[——dx = tan"1x+C

x2+1




( @ )| Algebra of Integration

>
>
>
>
>

[(f,(x) £ f,(x) dx = [ f;(x)dx + [ f(x)dx.
[ af(x)dx = a [ f(x)dx ; a is a constant .

If [f(x)dx= @(x)+C. Then [f(ax+Db) = i(p(ax + b) + C.
= ([ f(x)dx) = f(x).
| (% f(x)) dx = f(x) + C.



J"_ question _

Write antiderivative for each of the following functions using the

method of inspection (i) cos 2x (ii) 3x2+4x3 (iii)-, x # 0.
[NCERT]



1 — sinx
> dx
COS“X

[NCERT]



f ZlnX dx



f 210g4 X dx



Evaluate: [ e¥l08a 4 galogx 4 paloga gy



Evaluate : [ sin™'(cos x)dx



J(l — X)V/x dx

[NCERT]



" question _

f V1 + sin2x dx




" question _

f a™Xp¥ dx



1+ 2x?

(14 x%)x? d



" question _

f cos3x cos5x dx



eSx + eSx
f dx

eX + e X



|

V1 — 9x2



" question _

f tan?x dx



Integration by Substitution

» The given Integral ff(x)dx can be transformed into another form by changing the
independent variable x to t by substituting x = g(t).

> Consider [ = [f(x)dx.
Putx = g(t) sodx = g’ (t)dt.
Thus [ = [f(x)dx = [ f(g(t))g'(t)dt.



J"_ question _

JIFCOI™f'(x) dx

[NCERT]



[NCERT]



J"_ question _

f sinx dx

sin(x+a)

[NCERT]



[ (x+ 1D (x +2)”(x + 3)dx is equal to



Evaluate: [ x3sin x*dx



Evaluate : [ xV1 + x2dx







f dx
(x+1)V4x+3

is equal to



.

ex—l _|_ xe—l

ex + x¢€



1
d
f9x2+16 x



J"_ question _

f 10x°+10* log, 10
x104+10%

dx [NCERT]



[————dx [NCERT]

sin?x cos?x




f sin(tan™! x)

1 + x2 dx

[NCERT]



" question _

1
f (ax+b)+vVax+b dx




" question _

j dx
(2x—7)J(x—3)(x—4)



" question _

j tan(Inx) dx

X




" question _

XCOSX
dx

(xsinx + cosx)?



" question _

jsecx In(secx + tanx) dx



The integral [ ax

(x+4)8/7(x—3)6/7

is equal to: [Jan. 9, 2020(1)]



" question _

In?(secx
j ( )dx

cotx




" question _

j sin3x :
X
(cos*x + 3cos?x + 1) tan—1(secx + cosx)







" question _

j X + e*(sinx + cosx) + sinxcosx

; dx
(x? + 2eXsinx — c0s?X)?



; B 2X
(x) = j 2+ 1)(x2 + 2)

1
dx . If f(3) = 5 (In5 — In6) ,then f(4) is equal to

[JEE Mains 2023]






Integration by trigonometric identities

It is useful to properly transform the integrand and then take advantage of the basic
table of integration formulae.



[ tanx dx = In|secx| + C
[ cotx dx = In|sinx]| + C.
[ secx dx = In|secx + tanx| + C or In |tan(g + §)| + C.

| cosecx dx = In|cosecx — cotx| + C or In |tan§ |+ C.



" question _

f tan(Inx) dx

X




" question _

1
dx
f \/3 cosx + sinx




" question _

1
f dx
SecX + cosecx




SInx
dx
CcOS3X



1 — sinx
dx
COSX



‘f(COSZX—COSZG)dX

(cosx—cosa)

[JEE Advance]



f(sm X—COS X)dx

1—2sin?x cos?x

[JEE Advance]



f cos*x dx



" question _

f cos5x + cos4x
1 — 2cos3x

dx



)

dx




ftan (x — a)tan(x + a) tan2x dx



2 Question

SlIl X——

Tt
g X+log|cos(x—Z)|+C
Tt
Q X—log|cos(x—Z)|+C
Tt
g x+log|sin(x—z)|+C
Tt
Q x+log|sin(x—z)|+C

The value of \/_f S dxequals

[ AIEEE 2008]



2 Question

1

1
The integral f( V3

2 .
(1+\/—§sm2x)

)(cosx—sinx)

dx equal to

[JEE Main 2022]

t E-|-l t §_|_E
log, :ann((z +1E62)) LC %loge aEX(Z 1'[)6) LC

273

X ™ 1 tan(z—l)
on. wn(2++ E) » 508 [— (25—132) .

2 6




f 4 — Atan 0 + 2log, [f(0)] + C where C

cos? O(tan 20+sec 20)
integration, then the ordered pair (A, f(6)) is equal to:

(1,1 + tan®)
(—1,1 — tan0)

Q (—1,1 + tan0)
(1,1 — tanB)

is a constant of

[JEE Mains 2020]



v/ Question

1)cos /(2x—1)2+5

The integral [ & e

integration)

dx is equal to (where c is a constant of

% siny/ (2x — 1)2+45 4 C [JEE Mains 2021]

1
" cosy/ (2x + 1)245 + C

1 .
N siny/ (2x + 1)2+45 + C

1
E cosy/(2x — 1)2+5 + C



if [ COSXIX = f(x)(1 +sin°x)* +c where ¢ is a constant of

sin3x(1+sinfx)2/3

integration, then Af (g) is equal to:

g 8 [JEE Mains 2020]




/
/

dx

12 —x2
dx
x2+a?
dx

. -1 X
=sin"1=+C
a

=In

=In

(x + Vx2 +a?)|+C

(x + Vx2 —a?)|+C

+ C

+ C



V2x—x2

X2—-16

[NCERT]



Standard Substitution

> For terms of the form x?+a® or Vx2+a?, put x = a tan0 or x = a cotb.

> For terms of the form x? — a? or Vx2-aZ, putx = a secO or x = a cosecH.

> For terms of the form a?-x? or Va2 — x2, put x = a sinb or x = a cos6.



J

1

aZeX 4+ b2eX



f \/
5+ =
4eX
e2X



f\/(xz _ aszz _ XZ) dx



" question _

f = dx
(x2 + 4)4/(4x2 + 1)




1
f 3x2+4+13x—10

[NCERT]



" question _

f cos{2 cot™?!

\




| sec® xdx is equal to



V| Question

cos © .
| cose ;5340 = Aloge |B(6)| + C  where C is a constant of

integration, then @ can be:

[JEE Mains 2020]

2sinf + 1

5(sinf@ + 3)
2sin® + 1

sinb + 3
5(2sin® + 1)

sin@ + 3
5(sinf@ + 3)

2sin0 + 1




Integration by parts

> S [f0g()] = (g’ (%) + g(If (%)

> = [ 00g' (0dx = f()g(0) — [ g(OF ()dx
» “The integral of the product of two functions = (first function)X(integral of the
second function) — Integral of [differential coefficient of the first function)X(integral

of the first function)]”.

» Selection of first and second function is given by ‘ILATE Rule’.



» It is worth mentioning that integration by part is not applicable to product of
function in all cases. For example /X sin X. The reason is that there does not exist
any function whose derivative is+/xsinx.

» Observe that while finding the integral of second function, we did not add any
constant of integration. This shows that adding a constant to the integral of the
second function is superfluous so far as final result is concerned while applying the
method of integration by parts.

» For the integration of logarithm or inverse trigonometric function alone ,take
unity(1) as a second function.



In x dX



" question _

f x tan” 1x dx



[ e*sinx dx
[NCERT]



" question _

[ sin(logx) dx



[ x2e3*dx



f (sin"1x)? dx

[NCERT]



Integration By Cancellation

y) 1 y) 1
3x“tan — — xsec® —; dx
X X

Use integration by part only on | 3X2tan§ dx,

1
X

We get | {3X2tan§ — xsec? }dx = X3tan§ +C



Integral by use of Partial fraction










" question _

7x—4
= 1})I2(x+2)dx




" question _

J‘ 2x2+x+1
(x+3)(x—2)2

dx



" question _

J‘ x+3
(x—1)(x2+1)

dx



(@

—-1X
> [ J@ —xdx = M TG L

2 2
> [J(@%+x2)dx = X”Z*X +6‘22 In(x + Vx2 + a2) + C

> [J(x2—a?)dx= > (xZ—aZ) - a22 In(x +Vx2 —a2) +C



J"_ question _

f\/xz+2x+5dx

[NCERT]



[V3 —x2 —2xdx

[NCERT]



f Linear polynomial Linear polynomial or

Quadratic polynomial

J/Quadratic polynomial’

f (Linear polynomial)\/ (Quadratic polynomial)

Write Linear polynomial = A %(Quadratic Polynomial) + B.






" question _

J- x+1
x2+3x+12

dx



}) Integral of Algebraic function: f( Axtb

v Ax?2 +bx+c)



f 2x+5

Ta-2xr10°%




)| Integral of Algebraic function: f(ax + b)v ax? + bx + ¢




" question _

Evaluate | (3x-2)V2x2-x+1 dx




" question _

Evaluate | (6x+5)V6-2x2+x dx




1
(px+q)vax+b dx

dx (or) I (px+q)Vax+b dx (or) |




(x+5)Vmrd X



" question _

f 3x+1 q
2xZ —2x+3




" question _

3x+1
Vx2 + 4x + 1

dx




" question _

f(Zx— 5)4/2 + 3x — x2dx
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Integration by Part




> fex(f(x) + f’(x))dx = e*f(x) + C
> [(f(x) + xf'(x))dx = xf(x) + C



Jo

|

(x + 1)?

)ax






" question _

j (sin(Inx) + cos(Inx))dx



f Inx—1 2d
In?2x+ 1 x



If [ (x®+ 7x> + 6x* + 5x3 + 4x% + 3x + 1)e*dx is equal to
Y_. Bx* - e* + C (Where c is constant of integration) then (a + )
1S



> [eB®(f(x)g' (x) + f'(x))dx = e8®f(x) + C



" question _

f etdX(xsec?x + sin2x)dx



" question _

| e®°t™®(cos(x) — cosec(x))dx






XSinx + cosx

(Xsinx+Ccosx) 2«
J e COS“X 2 dx




The value of [ &X' (1 +x —x~!)dx equals
[ JEE MAINS 2014]

xeX*t¥ ' 4 C
(x+1) XX 4 C

eXtX T (x —1) + C

-1
—xeXtX " 4 C




Integral of Trigonometric Function

Type 1 : Substitution for trigonometric function of the form f sin™xcos™x dx where

m,n € N.
1. mand n both are odd.
[ = [ sin’ x cos®x dx
Put sinx = t, cosxdx = dt.
[ = [t7(1—t5)dt
sin®x  sin1%x

I = — +C
8 10

2. Oneis odd while another is even.
For example I = [ sin* x cos>x dx

Put sinx = t and cosx dx = dt.
[ = [t*(1 —t5)dt



Integral of Trigonometric Function

3. When m and n both are even.
[ = [ sin* x cos®x dx
[ = [(sinxcosx)* cos? x dx
= 2—15f sin*2x (1 + cos2x)dx

4. When m + n is negative even integer.
Put tanx = t & sec?x dx = dt.



COS X
— dx
sin4x



If I, = J (sinx)™(cos x)"dx then prove that

(sin x)™*1(cos x)" 1 i 1 I
B m+n m+n 7

Im,n



" question _

f sin®x cos*x dx



f(51 nx)3(cosx)"7/3dx



The integral [ sec?/3 xcosec?*/3

xdx is equal to:



jm

d
sin2x x



" question _

f 1
Vcos3x sin®x

dx




Integral of Trigonometric Function

Type 2 :
asinx+b : : 2
f (atbsing)? dx Multiply Numerator and denominator by sec*x.
b . i
| COXTY_ dx Multiply Numerator and denominator by cosec?x.

(a+bcosx)?



Integral of Trigonometric Function

Type 3 :
dx

1 1
dx , dx or . ,
f (a + bsin?x) J (a + bcos?x) j a sin“x + bcos?x + csinxcosx
Multiply and divide by sec?x.




The integral [

2 2

Sin“ XCos“ x

dx is equal to:
(sin3 x+cos3 x)2 9



" question _

f 1
Vcos3x sin®x

dx




" question _

1
f (16 + 9sin?x) dx




[Pt
Z—SinzxX



" question _

: - X
sin?x + cos*x — sin?x cos?x




Integral of Trigonometric Function

Type 4 :
dx

| |
dx , d
f (a + bsinx) . f (a + bcosx) * O J asinx + bcosx + ¢

Convert sine/cosine into half of the tangents.




" question _

1
f _ dx
1 + sinx + cosx




] ax equals
cos x++/3sin x 9




5tanx
f d
tanx — 2



te 460 " gx = log(9e** —4) + ¢
Given, | 9Zx—4e-x dx = Ax + Blog(




" question _

1
j 5—13 sinxdX




Integral of Trigonometric Function

Type 5:

(asinx + bcosx + ¢)

, X,
(psinx + qcosx + 1)

: d :
Numerator = A(Denominator) +B &(Denomlnator) + C.



" question _

f 2cosx + 3sinx + 4
X
3sinx + 4 cosx + 5




Integral of Trigonometric Function

Type 6 :

If denominator contains a + sin2x or Vb + sin2x ,then generate cosx + sinx or cosx
— sinx in the numerator .However if cosx 4+ sinx or cosx — sinx appears in

denominator and sin2x in numerator ,then manipulate it as sin2x = (sinx + cosx)?-1
or 1 — (sinx — cosx)?



" question _

(cosx + sinx)dx
V10 + sin2x




" question _

1+ si — —sin=]d
J\/ +51nx(cos2 st) X



(cosx—sinx)dx . -1 (sinx+cosx) . . .
] ——— =asin . + C where C is constant of integration,

then the ordered pair (a, b) is equal to

[ JEE MAINS 2020]



Ifn € Nand I, = [ (logx)™dx, then I,, + nl,,_, is equal to

g (logx)n+1
n+1
g x(logx)" + C
¥ Gogn)m
(log x)"
D




Ifl, = [ x"-e““dxforn>1,thenc-I,+n-I, ,isequalto




Letl, = [ tan® xdx(n > 1).1fI, + I, = atan® x + bx> + C,
where C is a constant of integration, then the ordered pair
(a, b) is equal to (2017 Main)

2 SCHE)
B G
B G- )
o (-

U
-
N—
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)| Integral of Irrational Function

f dx
(ax + b)\/ (px + q)
Put px + q = t.



" question _

f dx
(2x+1)V4x+3’




Integral of Irrational Function

j dx
(ax + b)\/(px2 + gx + 1)
Putax+ b = -.



" question _

f dx
(2x+3)Vx2+3x+2




Integral of Irrational Function

j dx
(ax? + bx + ¢)y/(px + q)
Put px + q = t2.



f dx
x2y/x+1"



" question _

f (x+2)dx
(x24+3x+3)Vx+1




Integral of Irrational Function

J dx
(ax? + b)./(px2 + q)

1 : : T
Putx = - or the trigonometric substitutions are also helpful.



" question _

f 1dx
(x2-1)Vx2+1




Let f(x) = f Ldx Tl <= 1 £(0) = 0 & £(1)
(3 + 4x2)V4 — 3x2 V3
= i tan~?! (E) ,a,f > 0 then a* + g% is equal to
af B

[JEE Mains 2023]



Integral of Irrational Function

dx
1 d
(1) f f\/(X o) (B—x) f(X—a)\/(X—O‘)(B_X)

Put x = acos?0 + Bsin“0
dx = (f — a)sin26 d6.

where 3 > «.



Integral of Irrational Function

X—U
2 J |3 d f(x a)\/(x =5 where B > a.

Put x = asec?0 — Btan“0
dx = 2(a — B)tan® sec?0 do.






)| Miscellaneous

Type 1l:

f X2+1

x*+kx?2+1

Coefficient of x* and constant term in denominator is same i.e. 1.
Approach: Divide Numerator and Denominator by x?.






Evaluate: [ -

x*+1

dx







X —.'X,'

e
If1=/J oy dxand] = J i, o-2xp 0%, then for an
arbitrary constant C, the value of ] — I is
1 et _e2X1q 1 e?XteX+1
(a) Elog etX4e2X41 +C (b) Elog e2X—eX41 +C
1 eX_eX41 1 et pe?xq
(C) Elog e2X4+eX4+1 +C (d) Elog etX—e2X 41 +C




(x?-1) .
| s dxis equal to [2013,2008]




" question _

f X241 dX

(1-x2)V1+x2+x*




fx2+1d
x4 +1 e

[JEE ADVANCE]



J"_ question _

For real numbers q, 3,y and §, if

2
(x> —1) +tan™?! (X ;_ 1)
f d
2
(x* 4+ 3x% + 1)tan~1 (X ;_ 1)

(X7 +1
= alog, | tan ”
2

+Btan~?! <Y(X2 — 1)> + Stan~1 (X " 1> + C

X X

where C is an arbitrary constant, then the value of 10(a + By + 6) is
equal to

X

[JEE Main 2021]



)| Miscellaneous

Type 2:

Kutur- putur:-

] X heN.

x(x+1) ;
X—(1+n)dX
f (x~D+41)
Put (x ™+ 1) = tand x~(*Mdx = dt.

Method 2: We can solve these kind of problem by taking x =

=+ | =



f dx
x(x> + 1)



" question _

f dx
x2(x + V1 +x2)




)| Miscellaneous

Type 3:

Q;(x)dx Q{(x)dx Q,(x)dx
f(QZ(X))z ) f NoNES) J () and [ Q;(x)+/Q,(x)dx where Q; (x) and Q,(x) are

guadratic polynomial.

Write Qq (%) = & Qz(X) +B - (Q2 (X)) + .




" question _

(2x%4+3x + 4)dx
X% + 6x+ 10




" question _

f(x —3x + 1)dx




} ) Miscellaneous

Type 4:

Forcing integrand by parts.
dx
(x*-1)z"
Solve this problem by multiplying numerator and denominator by 4x3.
Then use integration by part method.

For example [



2

X
dx
f (xsinx + cosx)?

[JEE Mains 2020]



(©

Type 5 : Expressions of the form x™(a 4+ bx™)P in which where m, n & p are rational

numbers ,are called binomial differential.

The integral is expressed through elementary functions only in the following situations:

1. If pisa positive integer. Then the integrand is expanded by the Binomial formula.

2. pisanegative integer. Then putx = tX where Kk is the |.c.m. of the denominators of
the fraction m & n.

1, . . . .
3. m: is an integer . Put (a + bx™)P= t% where a is the denominator of the fraction
p.
1 . . . .
4 Ty p is an integer. We put (a + bx™)P=t“x" , where a is the denominator of the

n
fraction p.



f 3/R(2 + VX )2dx



—1
fx"ll (1+x*) 72 dx



1

x3 (1 +x3)



v/ Question

Let f(x) = [ —=_dx(x > 0). Then f(3) — f(1) is equal to:

(1+x)2

[JEE Mains 2020]




Integral By Reduction Formula

The formula in which a certain integral involving some parameters is connected with
some integrals of lower order is called reduction formula.

In most of case the reduction formula is obtained by the process of integration by

parts. In some cases the method of differentiation or other special methods are
adopted.



> I, = [sec"xdx =

» I, = [tan"xdx =

> I, = [cot"xdx =

sec
n—1 n—1
tan?~1x I
| n-—2
cot"~1x I
n—2



I _f dx
") (x2+4+k)n



" question _

j sin nx dx
Sin X

I, =



" question _

I, = fsin“x dx;n € N, then 51, — 6] is equal to



2 Question

sec? x—2022
Sin2022 X

ForI(x) = [

dx, if I G) = 21011 then
[JEE MAINS 2022]

()-1(9)-s
(?”@=°
(Q”@=O
(6)-1(3)=0




@ ) ) Challenging Problems




" question _

secx(2 + secx) asinx
X =
(1 + 2secx)? b + cosx

; a &b are coprime number then find the value of a + b.

+C , where C is constant of integration



" question _

1 5
f(ZxS + 3x* 4+ 6)2(x1? + x8 + x)dx =a x>*(2x® + 3x* + 6)2+C , where C is

constant of integration ; find the value of a.



" question _

f(sinx)cosx‘l(coszx — sin“x In(sinx))dx is equal to



" question _

fﬁii&d"

=a+/x+bix+cix+dIn(¥x) + e; e being the constant of integration
then find the value of 2a + b + ¢ + d.




J
1
_I_
2x4)d
X



" question _

f sec”xdx dx = g(x) + C where (n)
(tan101x + tanx) * T B 5\4

= th n | is equal to
~7oo the Xlir;g(X) q



" question _

fx+sinx—cosx—1

dx
X + e¥ 4+ sinx




" question _

f(x6 +x3)V/x3 + 2dx



J {Question _
-+

f(1+\/—)8 3 t7 (1+\/_) B+C then a + B is equal to




" question _

Find the antiderivatives of the integral f: [0,2] — R,

{6:9) =\/x3+2—2\/x3+1 +\/x3+10—6\/x3+1.




" question _

For a positive integer n, compute the integral | " — dx.
1+X+;+ +F




fX4+1d
x6 + 1 x



L g
f(x2+1)2 .



[
(a+bx)2



" question _

_ X
cos3x — sin3x




5x8+7x°
(x2+1+2x7)2

If f(x) = [ dx, (x = 0),f(0) = 0 and f(1) = % then the value of K is

[JEE Mains 2021]



" question _

f 1—(cotx)?008
tanx+cot2009x

dx = %ln|sinkx + COSkX| + C, then find k.






" question _

dx = F(x) + C, then the value of F(e) — F(1) equals to

f 1
xV4 — In?x



" question _

cosO + sinB
f cos20 In _ do
cosO — sin0




f sin(x — a) q

X
sin(x + a)




" question _

= f x27(6x% + 5x + 4)(x* + x + 1)°dx = f(x) + C then f(x) is equal to



" question _

1 — 7cos?x X
Suppose f dx = 8(%)

— > —— + C then find the value of
SIN‘“ X COS*X SIn‘X

gX(0) + g”(g) is equal to



v/ Question

dx
(x—3)6/7-(x+4)8/7

Find integration |
[JEE Mains 2020]




" question _

I—f 2x” + 3x° dx = ax* + bx® + C then |a + bl is equal to
) x10 — 2541 X_x10—2x5+1 2 9




" question _

I

- j G- 1 dx = 4tan"*'(g(x)) + C where C is constant of
(X + VX + XXy VX(x + 1)

Integration, then g2(1) is equal to



" question _

x% —1 ,
sz dx Is equalto
x3V2x* — 2x% + 1




" question _

X
[ = f > dx is equal to
(7x — 10 — x?)2




" question _

1
= f + In(In(Inx)) | dx = g(x) + C then find the value of g(e®).
Inx In(Inx)




" question _

In x ]
[ = X3_dX Is equal to



" question _

= Bx* + 13x™ dx is equal to
T ) B e




dx

(x2 4+ 2x +2)Vx2 +2x — 4




Evaluate | (v/tanx + v/cotx)dx (1988)



" question _

1 5
f(ZxS + 3x* 4+ 6)2(x1? + x8 + x)dx =a x>*(2x® + 3x* + 6)2+C , where C is

constant of integration ; find the value of a.






If [ (e2X 4+ 2e* —e™* — 1)ele™+e )dx = g(x)el®*¢ ) 4 ¢, where c is a constant
of integration then g(0) is equal to:

0 -

[JEE Mains 2020]




" question _

I f e*+e *—1 Ay i 't
i X IS egudl to
(eXsinx + cosx)(cosx — sinx e~ ¥) X




If [ sin™?! ( /ﬁ) dx = A(x)tan"1(y/x) + B(x) + C where C is a constant of

integration, then the ordered pair (A(x), B(x)) can be

JEE Mains 2020
(X + 1) _\/i) [ ]

(x+1,v%)
(X -1, _\/i)
(X -1, \/i)




" question _

: f 1+ x2 :
— X
(3 —4vV2 x + 4x%)
d

+ctan"'(x+d) +e thena+b+c+disequalto

=X+b



" question _

f e*(x — 1)(x — Inx) g e*(Ix + minx + n)
X =

> + C where C is constant of
X X

integration and 1|, m,n € N then (1 - m — n)is equal to



" question _

sin(100x)(sinx)1YY
sz (sin101x)sin?’x dx = ( ) (sinx)

25k

then k is equal to



2 Question

e® e
I T bl P e

Then, for an arbitrary constant C, the value of J — | equals
[JEE 2008]




£ Question

The integral f

sec?x

1

(secx+tanx)9/2

1

~ (secx + tanx)1/?2

1

(secx + tanx)1//2
1

|
{11 —7 (secx + tanx)

1
11

1

~ (secx + tanx)1/2

1

1

(secx + tanx)1/2

|

11

1
11

1
+o (secx + tanx)?

1
+ (secx + tanx)z} + K

J+x

dx equals (for some arbitrary constant K)

2}+K

- (secx + tanx)z} +K

[JEE 2012]



J"_ question _

The value of ]

Sl N W N e

COS9X + Cc0Ss6X

2 Ccosbhx -1

dx = Asin4x + Bsinx + C then A + B is equal to



[(©) s

» Integration is the inverse process of differentiation. Instead of differentiating a
function, we are given the derivatives of a function and asked to find its primitive
i.e., the original function. Such a process is called integration or anti-differentiation.

> Iff; & f, are two antiderivatives of a function f(x) on [a, b], then difference
between them is constant.

> f f(x)dx geometrically denotes family of curves all satisfying some common

property such that the slope of tangent drawn to these curves at some x = X, is
same .



J) Summary

LX) £ f,x)dx = [ f;(x)dx + [f,(x)dx.
. [ af(x)dx = a [ f(x)dx ;a is a constant .

1
2
3. If [fx)dx= @(x)+C. Then [f(ax+Db) =§(p(ax +b) + C.
4. — ([ f(x)dx) = f(x).

5 | (% f(x)) dx = f(x) + C.



»

X1’1+1

n+1

fi dx = In|x| + C
[a*dx = 24

Ina

> + C
>
>
> [eXdx= eX+C
>
>
>

[ x"dx =

[ sinxdx = cosx + C
[ cosxdx = sinx + C
[ sec?*xdx = tanx + C



»

» [ cosecx cotx dx = —cosecx + C
> [ secxtanx dx = secx + C
» [ cosec®xdx = —cotx + C

1 a1
> f@dx— sinTtx + C

_ cpp-1

> fwmdx_ sec™tx + C
>

[——dx = tan"1x+C
X% +1



G=D

YV VYV YV V

A\

It is useful to properly transform the integrand and then take advantage of the
basic table of integration formulae.

[ tanx dx = In|secx| + C
[ cotx dx = In|sinx]| + C.
[ secx dx = In|secx + tanx| + C orIn |tan(g +§)| + C.

[ cosecx dx = In|cosecx — cotx| + C or In |tan§ |+ C.

The given Integral ff(x)dx can be transformed into another form by changing the
independent variable x to t by substituting x = g(t).



> o =sin_1§+C

Y,
> [ X2+a =In|(x + Vx2 +a2)|+ C
2 2
>fm—ln|(x+\/x a?)|+C

> [ dx —Zlaln e

x2—32 xX+a

> dx —Zlaln et

a2—x?2 a—Xx

> For terms of the form x%+a” or Vx2+a?2 , put x = a tanf or x = a cot®.

> For terms of the form x? — a? or Vx?-a?, put x = a secO or x = a cosech.

> For terms of the form a2

-x% orva? —x2, putx = asin or x = a cos®.



| Summary

» The integral of the product of two functions = (first function)X(integral of the
second function) — Integral of [differential coefficient of the first function)X(integral
of the first function)].

Selection of first and second function is given by ‘ILATE Rule’.

» It is worth mentioning that integration by part is not applicable to product of
function in all cases. For example +/x sin x. The reason is that there does not exist
any function whose derivative is+/x sinx.

» Observe that while finding the integral of second function, we did not add any
constant of integration. This shows that adding a constant to the integral of the
second function is superfluous so far as final result is concerned while applying the
method of integration by parts.



» For the integration of logarithm or inverse trigonometric function alone ,take

unity(1) as a second function.
VaZ_wZ a?sin~12
> [J@ —x2)dx= ——+ 14+ C

2 2
> [J@% +x2)dx= = aZ“‘Z +a‘22 In(x + Vx2 + a2) + C

> [J(x2—a?)dx= > (xZ—aZ) - a22 In(x +Vx2 —a2) +C




G=D

f Linear polynomial

J/Quadratic polynomial’
Linear polynomial

| Quadratic polynomial ©r [ (Linear polynomial),/(Quadratic polynomial)
Write Linear polynomial = A %(Quadratic Polynomial) + B.
> [eX(f(x) + f'(x))dx = eXf(x) + C

> [(f(x) + xf'(x))dx = xf(x) + C
> [e8M(f(x)g'(x) + f'(x))dx = eB®f(x) + C



G=D

> Substitution for trigonometric function of the form [ sin™xcos™x dx where m,n
€ N.

1) m and n both are odd.
[ = [ sin’ x cos®x dx
Put sinx = t, cosxdx = dt.
[ = [t7(1—t5)dt

I sin® x sin19%x

= —_ +C
8 10

2) Oneis odd while another is even.
For example I = [ sin* x cos>x dx
Put sinx = t and cosx dx = dt.

[ = [t*(1 —t5)dt




(@) s

3) When m and n both are even.
[ = [ sin* x cos®x dx

[ = [(sinxcosx)* cos? x dx
= 2—15f sin*2x (1 + cos2x)dx
4) When m + n is negative even integer. Put tanx = t & sec?x dx = dt.

asinx+b : : 2
| (2t bsino)? dx  Multiply Numerator and denominator by sec“x.

acosx+b : . 2
] (atboosx)? dx  Multiply Numerator and denominator by cosec“x.




G=D

S, O (p——, | dx
(a+bsin?x) (a+bcos?x) a sin?x+bcos?x+csinxcosx
Multiply and divide by sec?x.

[——dx, [———dx or [—=

(a+bsinx) (a+bcosx) asinx+bcosx+c

Convert sine/cosine into half of the tangents.

f (asinx+bcosx+c) dx

(psinx+qcosx+r)

. d .
Numerator = A(Denominator) +B &(Denommator) + C.



> If denominator contains a + sin2x or Vb + sin2x ,then generate cosx + sinx or
CcosSX — sinx in the numerator .However if cosx + sinx or cosx — SinxX appears in

denominator and sin2x in numerator ,then manipulate it as
sin2x = (sinx + cosx)*-1 or 1 — (sinx — cosx)?



G=D

» The formula in which a certain integral involving some parameters is connected
with some integrals of lower order is called reduction formula.

» In most of case the reduction formula is obtained by the process of integration by
parts. In some cases the method of differentiation or other special methods are

adopted.

> I, = [sec"xdx =
> [, = [tan"x dx =

> I, = [cot"xdx =

sec'2x tanx . n-2
n—1 n—1
tan™"1x _
n—1 n—2
cot1x ]
n—2



» Integration of rational function when Degree of Numerator > Degree of
Denominator is done by using property, Dividend = Divisor X Quotient +
Remainder.



) summny

» Degree of Numerator < Degree of Denominator

1 p X2+qx+r A B N C
" (x—a)(x=b)(x—=C) (x—a) (x=b) (x—cC)
p X2 +qx+r A B N C
(x—a)2(x—c) (x—a) (x—-a)2 (x—b)
p X2 +qx+r A . Bx+C 2 .
3. R 4bat0) (id) o CZibxic)” where (x“ + bx + ¢) cannot be factorized

further.



J) Summary

> f(aXer)C\l/X(mW Put px + q = t2.

> f(ax+b)\/$;2+qx+r) Putax+b = %

- f(ax2+bx-|(-jcx)\/m Put px + q = t2.

> f (ax2+b)(j/x(pxz—+q) Put x = % or the trigonometric substitutions are also helpful.



> % dx, dx or dx here B > o. Put X = acos?0
I 7= ] o= o cmavomaams Where B .

+ Bsin?0. dx = (B — a)sin26 d6.
> X—a dx

N ey ey
— B)tan®d sec?0 do.

where B > o. Put x = asec?d — Btan®0. dx = 2(«

x%+1 .. : : : ,
> fx4+kX2+1 dx Coefficient of x* and constant term in denominator is same i.e. 1.

Approach: Divide Numerator and Denominator by x?2.



CPut(x ™™+ 1) =tand x~*Mdx = dt.

=+ | =

Method 2: We can solve these kind of problem by taking x = —.



Q:(x)dx Qi(x)dx [ Qi(x)dx /
> f(Qz(X))Z ’ f QZ(X f (Q2 (X)) and f Ql(X) QZ (X)dX where Ql(X) and QZ (X) are

guadratic polynomial.

Write Q; (%) = @ Q;(x) +B =~ (Q2 (X)) +Y.
» Forcing integrand by parts.
dx
(x*-1)2"
Solve this problem by multiplying numerator and denominator by 4x3. Then use
integration by part method.

For example [



[(©) s

il.

111

IV.

Expressions of the form x™(a + bx™)P in which where m, n & p are rational
numbers ,are called binomial differential.
The integral is expressed through elementary functions only in the following

situations:
If p is a positive integer. Then the integrand is expanded by the Binomial formula.
p is a negative integer. Then put x = tX where Kk is the lcm of the denominators of

the fraction m & n.

1. . . . .
" is an integer . Put (a + bx")P=t* where a is the denominator of the fraction

n

p.

m+1

— + pis an integer. We put (a + bx™)P=t*x™ , where a is the denominator of

the fraction p.






